Abstract-Families of codes, such as group codes, constacyclic, and skew cyclic codes, which were independently suggested, turn out to be special instances of the general family of crossed product codes. Under this framework, the ambient code spaces are classified here with respect to Hamming-isometry in cohomological terms. This classification is demonstrated by two families of examples. We also determine when crossed products belonging to these families are semisimple and, in particular, when they admit only trivial codes.
I. INTRODUCTION
A S SUGGESTED for specific cases in the literature, various families of codes, such as group codes, as well as constacyclic and skew cyclic codes, turn out to be special instances of the general family of ideals of rings known as crossed products. The Hamming-metric on any such ambient spaces is the most often used metric to evaluate the efficiency of those various codes. Distinct choices of an algebra structure and a basis, without which one cannot have a Hamming distance, may essentially yield the same codes. This is shown in [9] , where there is an algebraic isometry between two "based lattices", one of which determines certain negacyclic codes while the other one determines certain cyclic ones. It is therefore natural to mod out ambient code spaces by the isometry equivalence relation.
This note aims at classifying the ambient spaces of crossed products up to Hamming-isometry. In §II the structure of crossed products and their connection to coding theory is briefly surveyed, and the regularity property of semisimplicity is explained. In §III we recall the notion of Hammingmetric, and establish a criterion for two crossed products of a group G over a base ring R to be isometric in terms of a certain G-automorphism action on the second cohomology group of G with coefficients in R * (Theorem 3.5). This classification is demonstrated in §IV by two families of examples, namely complex twisted group algebras of elementary Abelian groups (Theorem 4.10), and crossed products of cyclic groups over finite fields (Theorem 4.4) . The latter example particularly contains classification of constacyclic ambient spaces over finite fields up to Hamming isometry (Corollary 4.5), re-establishing [8, Theorem 3.2] . The constacyclic discussion yields a necessary and sufficient condition on n and q r such that negacyclic codes of length n over the finite field F q r are essentially cyclic (Theorem 4.9). Independently of the isometry classification, we also determine when crossed products belonging to these two families are semisimple, and in particular, when they admit only trivial codes.
II. CROSSED PRODUCTS OVER COMMUTATIVE RINGS
We start with the definition of crossed products and a short summary of their main features that are needed throughout the paper. For a thorough reading, one is referred to [25] . An alternative description, given in [22] , places crossed products in a hierarchy of families of invertible algebras and is recommended to begin with for readers coming from other areas of research. Those who are already acquainted with the theory of crossed products can skip directly to §II-C.
Let G be a finite group whose trivial element is e ∈ G. An associative ring S is G-graded if it admits a decomposition S = ⊕ g∈G S g such that S g · S h ⊆ S gh , ∀g, h ∈ G.
(1
As can easily be deduced from (1) , S e is a ring, which is called the base ring of S. Moreover, for every g ∈ G, S g is an S e -bimodule, which is called the g-th homogeneous component of S.
Let R be a commutative ring with 1. A crossed product R * G is a G-graded ring with base ring (R * G) e = R, which admits an invertible element, say u g , in each homogeneous component (R * G) g . Then the g-th homogeneous component of R * G is clearly equal to Ru g := {ru g } r∈R , and so where R * denotes the multiplicative group of units of R. It is easily verified that G acts on the base ring R (in other words, R is a G-module) via the rule [25, Page 2, "action"]
and that (2) describes a decomposition of R * G as a free module over its subring R with an R-basis {u g } g∈G of homogeneous elements, termed a G-graded basis. Following the terminology of [3] , we regard such free R-modules of finite rank as R-lattices.
A. The second cohomology group
Let us inspect equations (4) and (5) . The associativity of R * G entails
Developing (6) using (4) and (5) we obtain
for every g 1 , g 2 , g 3 ∈ G. Applying (4), now in (7), yields
for every g 1 , g 2 , g 3 ∈ G. Since u g 1 g 2 g 3 is invertible, it can be cancelled out in both sides of (8) , that is (see [25, 
for every
, where R is any G-module, are called 2-cocycles. The above argument shows that functions of two variables that arise in crossed products by (4) under the G-action (5) are 2-cocycles.
.
Then it is easily checked that the pointwise product of 2-cocycles is again a 2-cocycle and that every 2-cocycle admits an inverse under this product which is again a 2-cocycle. Consequently, the 2-cocycles from G × G to R * form a group under the pointwise operation. This group is called the 2-cocycle group and is denoted by Z 2 (G, R * ). Since R * is Abelian, then so is Z 2 (G, R * ). Let {r g } g∈G ⊂ R * be any subset of R * indexed by the elements of G. A direct computation shows that
is a 2-cocycle. The set of 2-cocycles of the form (10), namely 2-coboundaries, is a subgroup of Z 2 (G, R * ) denoted by B 2 (G, R * ). Since the 2-cocycle group is Abelian then its subgroup of 2-coboundaries is normal and hence the quotient
is well-defined. This is the second cohomology group of G with coefficients in the G-module R * . We denote the
The reader is referred to [7] for the general theory of group cohomology, in particular the above discussion reflects the property of the second cohomology as a classifier of group extensions with Abelian kernel (see [7, §IV.3] ). Back to the crossed product R * G. Let {u g } g∈G be another graded basis, how does this choice of homogeneous units affect equations (4) and (5)? By (2) u g ∈ Ru g for every g ∈ G, hence there exists r g ∈ R such that u g = r g u g . Since both u g and u g are invertible then r g ∈ R * for every g ∈ G. We examine the G-action on R with respect to the graded basis {u g } g∈G .
Let g ∈ G and r ∈ R. Then
where the rightmost equality follows from the commutativity of R. Consequently, the G-module structure of R is independent of the choice of graded basis and so we can use the notation g(r ) without taking care of the basis. Next, let
be the 2-cocycle with respect to the basis {u g } g∈G .
Then
Plugging (4) in (11) we get
From equations (10) and (12) we deduce that the 2-cocycle
Note that 1 ∈ R * G lies in the homogeneous component of the trivial element e ∈ G. If the invertible element u e is 1, then the corresponding
for all g ∈ G, and is called normalized. Notation. The structure of R as a G-module is formally given by a group homomorphism
where Aut(R) denotes the group of ring automorphisms of R. To keep the action (14) in mind, we sometimes use the notation Z 2 η (G, R * ) and H 2 η (G, R * ) for the 2-cocycle group and the second cohomology group respectively. When we want to stress also the 2-cocycle f ∈ Z 2 η (G, R * ), we denote the corresponding crossed product by R f η * G.
B. Families of crossed products
Certain crossed products draw special attention. When the G-module structure (5) on the base ring R is trivial, in other words R is central in R * G, then the crossed product R f η * G, or just R f * G, is called a twisted group ring. On the other hand, when the 2-cocycle f ∈ Z 2 η (G, R * ) given in (4) is identically 1, the corresponding crossed product R 1 η * G is called a skew group ring. A skew group ring which is also a twisted group ring is just an (ordinary) group ring. An important family of crossed products arises when R is a field and (14) describes a Galois action admitting a fixed field K. In this case R f η * G is K-central simple and is called a classical crossed product.
C. Crossed product codes
Ideals of crossed products R * G which are lattices over R may be considered as special instances of algebraic codes. The length of such codes is the cardinality of G, and their rank as free R-modules is often denoted as their dimension. Twisted group ring codes have already been investigated in, e.g. [17] , [18] . These twisted codes generalize both the well-studied families of group ring codes [4] , [16] , where the module structure and the 2-cocycles are trivial, and of constacyclic codes, where the group G is cyclic [19] . The reader may be familiar with the interpretation of constacyclic codes of length n over a field F as ideals of the quotient algebra F[y] y n − β for some parameter β ∈ F * (which equals 1 for cyclic codes, and −1 for negacyclic codes). The fact that this algebra and certain quotients of more general skew polynomial algebras are crossed products of cyclic groups is explained using the standard isomorphism (41) (see Remark 4.3). Skew group ring codes have been shown to yield good parameters for cyclic groups [5] . The combination of nontrivial actions and nontrivial 2-cocycles have also been discussed in the cyclic case [6] , [12] . Classical crossed product codes were investigated in, e.g. [28] .
Codes are sometimes restricted to be either left, right or two-sided. Our isometry classification of ambient spaces is good for all three options. However, "codes" here will mean "two-sided ideals".
D. Semisimplicity
The rest of the section is devoted to the "completion property". In the theory of linear codes, it is evident that any code W of an ambient vector space V over any field admits a complement, that is a code W ⊂ V , not necessarily unique, such that V = W ⊕ W . This is not the case when the ambient space is a ring and a code has to satisfy an absorption property as an ideal. For example, cyclic codes of length p do not admit complementary cyclic codes over the fields F p r , where p is any prime (see Theorem 4.1 in the sequel). The above "completion property" is captured by the following ring theoretic fundamental concept. A finite-dimensional algebra A over a field is called semisimple (see [23, §1.11, Theorem] ) if for every code I ⊂ A there exists a complementary code I ⊂ A, that is A = I ⊕ I . Algebras satisfying this condition are uniquely decomposed as a direct sum of their irreducible codes (those nonzero codes which do not properly contain any nonzero code). A complete criterion for semisimplicity of crossed products is given in [2, Theorem 3.3] and is fairly complicated in general. We use this result in order to check semisimplicity of the families of ambient spaces in §IV-A and §IV-B. In both cases the base rings of the corresponding crossed products are perfect fields and so the criterion is simply formulated as a generalized Maschke's Theorem (compare with [25, Theorem 4.4 
])
Theorem 2.1: [2] A crossed product F f η * G of a finite group G over a perfect field F is semisimple if and only if the order of ker(η) is invertible in F. We point out that unlike group algebras, crossed products may even be simple, that is their only codes are the zero space and the entire ambient space. There exist simple crossed products in both families above, see Remarks 4.2 and 4.14. Crossed products R * G may possess the "completion property" also when the base ring R is not a field. This property is studied in [3] (under the term relative semisimplicity) for twisted group rings over the quotient rings Z/ p s Z.
III. ISOMETRIES UNDER THE HAMMING METRIC
The main goal of this section is to present a necessary and sufficient cohomological condition for isometry of crossed products. The condition is given in terms of orbits of certain cohomology classes under an automorphism action (see Theorem 3.5 herein).
Let B be an R-basis of an R-lattice M. We say that the pair (M, B) is a based R-lattice. Recall that such a based R-lattice determines a Hamming weight
, which, in turn, furnishes M with a metric space structure. Note that the unit sphere in the metric space (M, B) is the set of nonzero "monomials" {rb} r∈R,b∈B . The quality of a code, given as a sublattice of the based R-lattice (M, B), is measured by the minimal Hamming distance between its elements (as well as by its length and dimension).
An isometry between two based R-lattices (M, B) and
for every m ∈ M. Based lattices are called isometric if such an isometry does exist. A based lattice can be mapped isometrically to itself. We say that an R-module automorphism
We stress that the base B determines the metric in both sides of (16) . The isometries of a based R-lattice (M, B) evidently form a group under composition of maps.
and (M , B ) maps the unit sphere of one space onto the unit sphere of the other, hence yields a (unique) bijection ρ : B → B such that
for some r b ∈ R * . In fact, given a bijection ρ : B → B and invertible coefficients r b ∈ R * , condition (17) is also sufficient for a based R-module morphism ρ : (M, B) → (M , B ) to be an isometry. Clearly, isometric lattices M and M are of the same rank, say n. Denote the bases elements B = {b i } n i=1 , and
. Then the bijection ρ determines a permutation in the symmetric group n on n elements. By (17) , the group n (R) of isometries of a based R-lattice (M, B) of rank n is generated by two subgroups, namely the above symmetry group n , and the group of invertible diagonal isometries given by n-tuples (r b 1 , . . . , r b n ) ∈ (R * ) n as in (17) (with the identity permutation). More precisely, n (R) is the wreath product
where n acts on n-tuples of R * by permutations. The group n (R) is called the monomial group of the lattice R n . An R-lattice M can be equipped with an additional ring structure (admitting R as a subring). In this case, a code in the ambient space M is usually considered as an ideal of M which is also an R-sublattice. An isometry of based R-lattice rings is defined to be a based R-lattices isometry which is also a morphism of rings.
Crossed products R f η * G are rings with Hamming metric, implicitly determined through the graded basis {u g } g∈G . In order to study isometries of these metric spaces we need the following notion. Let G 1 and G 2 be two groups acting on a commutative ring R via
We say that a group morphism ψ :
The actions (19) are called compatible if there exists an
Then a direct computation shows that the function of two
Using the above settings we give a sufficient condition for two crossed products over R to be isometric.
Lemma 3.1: Let G 1 and G 2 be two groups acting on a commutative ring R via (19) admitting 2-cocycles
Let {u g } g∈G 1 and {v g } g ∈G 2 be the graded bases of the crossed products R
Then ρ is clearly an R-module morphism. Moreover, satisfying condition (17) , ρ is an isometry. It is thus left to show that it is a morphism of rings. By distributivity, it is enough to check that ρ is multiplicative for monomials β g u g , β h u h , where g, h ∈ G and β g , β h ∈ R. Indeed,
Plugging (22) into (23) we have
Now, the fact that ψ is (η 1 , η 2 )-compatible (see (20) ) says that the actions of g ∈ G 1 and ψ(g) ∈ G 2 on R are the same, that is g(r ) = ψ(g)(r ) for every r ∈ R. So, by (24) , the definition (21) and the fact that ψ is a group morphism we obtain
Thus, ρ is an isometry of crossed products. The above condition for the existence of an isometry between two crossed products turns out also to be necessary. Lemma 3.2: Let G 1 and G 2 be two groups acting on a commutative ring R via (19) . Then any isometry ρ :
Proof: By (17), ρ gives rise to a bijection ρ : {u g } g∈G 1 → {v g } g ∈G 2 of the corresponding graded bases of the two crossed products, as well as invertible elements {r g } g∈G 1 such that ρ(u g ) = r g ρ (u g ) for every g ∈ G 1 . Certainly, such a bijection ρ yields a bijection of group elements ψ :
We first show that ψ is a group isomorphism. Using the fact that ρ respects multiplication we have for every
On the other hand
Comparing base elements and coefficients in equations (25) and (26), we deduce that for every g,
as well as
Equation (27) implies that ψ(g)ψ(h) = ψ(gh) for every g, h ∈ G 1 , and so ψ : G 1 → G 2 is indeed a group isomorphism. Also note that by the definition (21), equation (28) can be written as
We next show that the isomorphism ψ is (η 1 , η 2 )-compatible. The isometry ρ is also an R-lattice morphism as well as a ring morphism, so for every g ∈ G 1 and r ∈ R
and on the other hand
Equations (30) and (31), together with the invertibility of
which says that ψ is indeed (η 1 , η 2 )-compatible. Finally, from (29) we obtain for every g, h ∈ G 1
where
gh ∈ R * . Applying (32) again we have
gh , and hence f 3 : G 1 × G 1 → R * is a coboundary (see (10) ). By (33), the cocycles f 1 and ψ( f 2 ) differ by a coboundary f 3 and as such they are cohomologous.
Remark 3.3:
In general, without the isometry condition in Lemma 3.2, an R-lattice isomorphism between crossed products R * G 1 and R * G 2 , which is also an isomorphism of rings, does not necessarily imply that the groups G 1 and G 2 are isomorphic. Indeed, if G 1 and G 2 are finite Abelian groups of the same order, then independently of their group structure, CG 1 and CG 2 are isomorphic as complex algebras (see also [24, Theorem B] for isomorphic rational group algebras of non-isomorphic p-groups).
In view of Lemmas 3.1 and 3.2, one may get hold of the based R-lattice rings which are isometric to a given crossed product R f η * G by restricting only to crossed products R f η * G of the same group G, the same action η on R and appropriate cocycles.
Let R be a G-module via (14) and let Aut(G) be the group of automorphisms of G. Then it is not hard to verify that the set
of (η, η)-compatible (or just η-compatible) automorphisms of G is a subgroup of the group Aut(G), which, in turn, is a subgroup of the symmetric group |G| . Note that for a trivial action η, Aut η (G) = Aut(G).
Lemma 3.4:
With the notation (21) and (34), [15, Example 3.7] by few examples of isomorphic twisted group algebras of the same groups, whose corresponding cocycles belong to cohomology classes in distinct Aut η (G)-orbits. By Theorem 3.5 these twisted group algebras are non-isometric. The group of isometries of a crossed product R f η * G is a subgroup of the monomial group (that is, the isometries only as based R-lattices) |G| (R) = (R * ) |G| |G| , generated by (R * ) |G| and by a subgroup of |G| (see equation (18)) as follows. The group of diagonal isometries (R * ) |G| does not change the cohomology class, i.e. yields crossed products R f η * G such that the cocycles f ∈ Z 2 η (G, R * ) are cohomologous to f . The permutations in |G| which take care of the multiplicative property of the isometries correspond to the compatible automorphisms Aut η (G). We have Corollary 3.7: The isometry group of a crossed product
where Aut η (G) acts on (R * ) |G| as a subgroup of |G| .
IV. EXAMPLES
This section describes the Hamming isometry classes for two families of crossed products, namely cyclic groups over finite fields ( §IV-A) and elementary Abelian groups over C ( §IV-B) .
A. Crossed products of cyclic groups over finite fields
As mentioned above, ideals of crossed products of cyclic groups are the well-investigated skew constacyclic codes [6] , [12] . The isometry classes for the constacyclic case (i.e. for trivial action) were established in [8] . Earlier, H.Q. Dinh showed that over fields of characteristic q, negacyclic codes of length q s are essentially the same as cyclic codes of the same length [9] . In a series of following papers, e.g. [10] , [11] , he presents arithmetic conditions on the cardinality of the base field providing the existence of constacyclic codes of a given length which are not cyclic codes. However, the dichotomy there is finer than isometry. In fact, the cohomology classes, rather than their Aut(G)-orbits, are implicitly counted.
The isometry classification of crossed products of cyclic groups is given in Theorem 4.4 herein. The classification of constacyclic code spaces, which is easily derived from this theorem (see Corollary 4.5), reformulates the result in [8, Theorem 3.2].
The ingredients here are a cyclic group C n = σ , a finite field F q r , where q is any prime number, and an action
where ϕ : x → x q , ∀x ∈ F q r is the Frobenius automorphism, which generates the cyclic group Aut(F q r ) ∼ = C r (see [ 
21, §V, Theorem 5.4]).
So, an isometry classification (see Theorem 4.4 below) as well as a criterion for semisimplicity (see Theorem 4.1) should be given in terms of the four parameters n, q, r, k ∈ Z.
It is not hard to check that two actions
are compatible if and only if η 1 (σ ) and η 2 (σ ) are of the same order in Aut(F q r ). Thus, every class of compatible actions can be represented by a divisor of |Aut(F q r )| = r . Using the above notation we may assume that
where div(m) denotes the set of positive divisors of an integer m. Next, the only constraint on the action (36) is that the order n of σ ∈ C n should be divisible by the order of η(σ ) = ϕ k ∈ Aut(F q r ) = ϕ, which, assuming (37), is r k . With the above notation we write r k ∈ div(n).
Before dealing with the isometry problem, we are interested in when F q r * C n is semisimple, i.e. when is it a direct sum of its irreducible codes (see §II-D)? Denoting the greatest common divisor of two integers m 1 , m 2 by gcd(m 1 , m 2 ), we have Theorem 4.1: With the above notation, F q r * C n is semisimple if and only if gcd( nk r , q) = 1. Proof: Since F q r is a perfect field, we can apply Theorem 2.1 and deduce that a necessary and sufficient condition for the semisimplicity of F q r * C n is that the order of the kernel of the action (36) is prime to q. The theorem now follows from the fact that, applying (37) and (38), ker(η) = σ r k < C n is of order nk r .
Remark 4.2:
A demand stronger than the condition gcd( nk r , q) = 1 in Theorem 4.1, namely nk = r , says that ker(η) is trivial, and hence the action η is faithful. This is exactly the case where F q r * C n is a classical crossed product (see §II-B). This central simple ambient space admits only trivial codes, either {0} or the entire crossed product. As for the Hamming isometry: owing to Theorem 3.5, we are after the Aut η (C n )-orbits in H 2 η (C n , F * q r ). Readers who wish to avoid the technical details are referred directly to equations (47) and (49) for the structures of H 2 η (C n , F * q r ) and Aut η (C n ) respectively, and to (50) for a description of the Aut η (C n )-action on H 2 η (C n , F * q r ). These are exploited for the classification criterion in Theorem 4.4 (which can independently be understood using the non-algebraic notation in its preceding paragraph).
We start with a brief reminder of the structure of H 2 η (C n , F * ), where η is any action of C n = σ on an arbitrary field F (and where we sometimes write σ i (x) instead of η(σ i )(x), for 0 ≤ i ≤ n − 1). For more details see, e.g., [7, Page 58, Example 2]. Let f ∈ Z 2 η (C n , F * ), and let
i=0 be a C n -graded basis of the corresponding crossed product F f η * C n . Then by a straightforward induction argument we infer that
In particular, with the normalization assumption u e = 1 (13) we have
Since β f is a power of u σ , it clearly belongs to the subgroup of C n -invariant elements of F * , that is
Next, substituting the basis
we deduce that f is cohomologous to a cocycle
Consequently, there is an isomorphism
where F[y; η] is the skew polynomial ring [23, §1.2], whose indeterminate y acts on the coefficient field F via the automorphism η(σ ).
Remark 4.3:
In the coding theoretical context, the algebras F[y; η] y n − β f are the ambient spaces of the skew constacyclic codes of length n over the field F. Indeed, the cyclic property of such a code is interpreted as its property, as an ideal, to be stable under multiplication with u σ . When the action η is trivial, the algebra F[y] y n − β f is the ambient space of the β f -constacyclic codes of length n. Alternatively, if β f = 1, then for any action η, the algebra F[y; η] y n − β f is the ambient space of the η-skew cyclic codes (or the η-skew negacyclic codes if β f = −1) of length n. Unequal 2-cocycles of the form (40) may still be cohomologous. To complete the discussion, let
be the norm map. Then it is not hard to verify that N C n (F * ) < (F * ) C n , and that
Thus, a cohomology class is identified with an invariant scalar modulo the subgroup of norm images, that is
We now concentrate on the action (36) of C n on the finite field F = F q r . Assuming that k divides r (37), it is easily checked that the elements of F q r , which are fixed under the action (36), are exactly the elements of the subfield F q k ⊂ F q r . In other words, let x 0 be any generator of the cyclic group F * q r of order q r − 1. Then
Clearly, the subgroup N C n (F * q r ) < F q k is generated by N C n (x 0 ). By the definition of the norm (42), bearing in mind that the subgroup σ r k < C n acts trivially on F q r , we have
be a generator of the C n -invariant subgroup of F * q r (45) of order q k − 1. Gathering equations (44), (45) and (46) we get
Next, the automorphisms of C n are given by
where j , which is prime to n, can be chosen between 1 and n − 1. Which of these automorphisms is η-compatible? By the definition (34),
Under the identification of Aut(C n ) with the multiplicative group
is identified with the kernel of the projection
Its order is therefore
, where φ denotes Euler's totient function.
Let us now find out how an automorphism (48) acts on a cohomology class [ f ] ∈ H 2 η (C n , F * q r ). As explained above, in order to understand the cohomology class
, it is sufficient to compute β ψ j ( f ) , for a cocycle f ∈ Z 2 (C n , F * q r ) of the form (40). By the definitions (21) and (39)
Since j and n are coprime, {σ i j } n−1 i=0 runs over all elements of C n exactly once. Thus
Since f is of the form (40) we obtain
We deduce that the automorphism (48) raises cohomology classes (written in a multiplicative way) to the power j , that is
To summarize the discussion we define an equivalence relation ∼ η on the set A η := {1, · · · , m}, where
Note that symmetry of the relation ∼ η is provided by the fact that both m and r k divide n. Applying Theorem 3.5, equations (47), (49) and (50) together with the above equivalence relation ∼ η we have Theorem 4.4: Let (36) be an action of a cyclic group C n on a finite field F q r . Then there is a one-to-one correspondence between the Hamming isometry classes of the crossed products (F q r ) f η * C n , and the quotient set A η / ∼ η as above. Notice that since the map mod m : U n → U m is subjective, every j which is prime to m can be chosen to be prime also to n without changing its class mod m. Consequently, the relation ∼ η refines (perhaps improperly) the relation ∼ m on A η , which is determined only by the leftmost condition in (51).
On the other hand, ∼ η clearly coarsens (again, perhaps improperly) the discrete partition of A η into m classes. These two "extremal" cases can be realized by the equivalence relation ∼ η for certain choices of parameters as follows.
Constacyclic codes arise when the action (36) is trivial, that is where k = r . Then the rightmost condition in (51) holds automatically. Therefore, ∼ η is the same as the above equivalence relation ∼ m . We have As mentioned in the introduction, H.Q. Dinh observed that negacyclic and cyclic codes may sometimes be essentially the same [9] . Theorem 4.9 herein determines when negacyclic codes of length n over the field F q r are essentially cyclic. An ambient space for negacyclic codes of length n over F q r is a twisted group algebra F f q r C n with β f = −1, whereas cyclic codes of this length are ideals of the group algebra F q r C n . Then the above problem translates to Question 4.7: When are F f q r C n with β f = −1 and the group algebra F q r C n Hamming isometric? Lemma 4.8: Let f ∈ Z 2 (C n , F * q r ), where C n acts trivially on F q r . Then the following are equivalent.
1) The twisted group algebra F f q r C n is Hamming isometric to
There exists x ∈ F * q r such that x n = β f . Proof: The equivalence (1)⇔(2) is easily deduced from Remark 3.6(1) for the trivial action of C n on F q r . The equivalence (2)⇔(3) follows from (43), bearing in mind that the norm (42) under the trivial action behaves just as an n-th power N C n (x) = x n .
In order to formulate the answer to Question 4.7 in arithmetic terms we decompose the integers n and q r − 1 = |F q r | to their 2-part and odd-part, that is
where m 1 and m 2 are odd. We have Theorem 4.9: Using the above notation, the twisted group algebra F f q r C n with β f = −1 is Hamming isometric to the group algebra F q r C n if and only if either 1) q = 2, or 2) q > 2 and l 1 > l 2 . Proof: Firstly, the claim is clear for q = 2. Note that in this case "negacyclic" is just "cyclic" since −1 = 1 ∈ F 2 r . Assume then that q is an odd prime, and so −1 is the only element of order 2 in F * q r . Thus, if x 0 is any generator of the cyclic group F * q r of order q r − 1, then
Suppose that l 1 > l 2 . Choose x := x
, noticing that the hypothesis ensures that x 0 is raised by an integer power. Then applying (52) we get
By the implication (3)⇒ (1) 
On the other hand, the condition x n = −1 says that the order of x does not divide n = 2 l 2 m 2 , but does divide 2n = 2 l 2 +1 m 2 (since x 2n = 1). We hence obtain
for some odd m 3 ∈ div(m 2 ). From equations (53) and (54) we deduce that 2 l 2 +1 m 3 divides 2 l 1 m 1 , and since both m 1 and m 3 are odd we obtain l 1 > l 2 . Note that in group theoretic terminology, the isometry criterion in Theorem 4.9(2) says that the 2-Sylow subgroup of C n properly embeds in the 2-Sylow subgroup of F * q r .
B. Twisted group algebras of elementary Abelian groups over the complex numbers
For a prime p and a positive integer s, let
be the direct product of s copies of the cyclic group of order p. In the end of this section, the twisted group algebras F f q r * (C p ) s of these elementary Abelian groups over finite fields are classified with respect to Hamming isometry, and their semisimplicity property is discussed. We present the classification result (Theorem 4.15) without proof. Rather, we focus on the complex field C, endowed with a trivial (C p ) s -action, as the base ring. The corresponding twisted group algebras C f * (C p ) s are the ambient spaces of complex twisted elementary Abelian codes. Although coding theorists are mostly interested in finite structures, it is worthwhile to study the complex case where Hamming isometry classes are identified with congruence classes of alternating forms. This is in Theorem 4.10. 
Then α f satisfies the following properties: 1) It is a morphism when fixing each one of the components. In particular, its values lie in the subgroup
< C * of p-th roots of 1. 2) It is skew-symmetric in the sense that
Note that the morphism property (1) and equation (56) imply
The above two properties say that the function α f is an alternating bicharacter.
As already observed by I. Schur [26] , [27] , two elements Let {σ 1 , · · · , σ s } be any set of generators of (C p ) s and let
2 , define a bicharacter α i by evaluating it on the pairs (σ j , σ l ) for j < l as follows, and extending it in a skew-symmetric bilinear way.
It is easily checked that the radical Rad(
Theorem 4.10: With the above notation and identification,
i=0 is a complete set of representatives for the Hamming isometry classes of complex twisted (C p ) s -algebras.
Proof: The theorem follows from a standard result about skew-symmetric forms on vector spaces (see, e.g. [1, Theorem 4]), using the above identification of isometry classes of twisted (C p ) s -algebras with congruence classes of skewsymmetric forms of s-dimensional spaces over F p .
As for the "completion property", every nonzero integer is invertible in the perfect field of complex numbers. Thus, by Theorem 2.1 the twisted group algebra C f * (C p ) s is semisimple for every prime p, positive integer s, and cocycle f ∈ Z 2 ((C p ) s , C * ). Its Artin-Wedderburn decomposition [23, §0.1] as a direct sum of complex matrix algebras (of the same dimension) is given in terms of its corresponding bicharacter α f (55) with a representative α i (57).
Theorem 4.11: Let f ∈ Z 2 ((C p ) s , C * ), such that its corresponding bicharacter is congruent to α i for some 0 ≤ i ≤ s 2 . Then the twisted group algebra C f * (C p ) s is isomorphic to a direct sum of p s−2i copies of p i × p i complex matrix algebras, namely,
In particular, two twisted group algebras C f 1 * (C p ) s and C f 2 * (C p ) s are isometric if and only if they are isomorphic (compare with Remark 3.6(2)). Proof: By [29] (see also [20, Corollary 8.2 .10]), C f * (C p ) s is isomorphic to a direct sum of copies of complex matrix algebras of the same dimension. That is
for some n, l which, by comparing dimensions, satisfy
The number l of such copies is the dimension of the center of the semisimple algebra C f * (C p ) s , which in turn is the order of Rad(α f ). Hence,
where the rightmost equality in (62) follows from the fact that radicals of congruent forms are of the same cardinality. By (58) the rank of Rad(α i ) < G is s − 2i , therefore
By (61),(62) and (63) we obtain l = p s−2i and n = p i . Plugging these parameters into (60) completes the proof. The two-sided ideals of C f * (C p ) s , namely the complex twisted elementary Abelian codes of this ambient space, can be read off the decomposition (59). We have Theorem 4.12: Let f ∈ Z 2 ((C p ) s , C * ), such that its corresponding bicharacter is congruent to α i for some 0 ≤ i ≤ 
